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Although the cosmological perturbations with inverse-volume corrections from loop quantum cos-
mology have been studied using the anomaly-free algebra approach in much of the literature, there
still remains an important issue that some counterterms in the perturbed constraints cannot be
uniquely fixed on the spatially flat Friedmann-Robterson-Walker background, which causes ambi-
guities in the perturbation equations. In this paper, we show that this problem can be overcome
by extending the anomaly-free algebra to the spatially closed Friedmann-Robterson-Walker back-
ground. We find that a consistent deformed algebra can be obtained in the spatially closed case, and
each counter term can be uniquely fixed in terms of the inverse-volume correction functions; then,
by taking the large ro limit, we recover the anomaly-free Hamiltonian on the spatially flat back-
ground. Using this Hamiltonian we obtain the gauge invariant cosmological perturbations for scalar,
vector and tensor modes in the spatially flat case. Moreover, we also derive the quantum-corrected
Mukhanov equations, from which the scalar and tensor spectral indices with inverse-volume correc-
tions are given. Some key cosmological perturbation equations obtained in this paper are different
from those in previous literature.
I. INTRODUCTION
Among different attempts to search for the theory of
quantum gravity, loop quantum gravity (LQG) is a rep-
resentative of those theories which believe the fundamen-
tal nature of gravity is spacetime geometry and the core
issue of quantum gravity is to find a suitable way to
quantize the geometry. One of the important predic-
tions of LQG is that the spatial geometry is discrete at
the Planck scale. The early Universe provides a natural
testing field for such predictions. However, due to the
complexity of the full theory, it is extremely difficult to
directly study the cosmology from LQG. An expedient
program called loop quantum cosmology (LQC) which
applies the quantization techniques of LQG to the sym-
metry reduced model of cosmology is currently widely
used.
Despite a symmetry reduced quantized model, LQC
captures many important features of LQG. Therefore,
with some justification, many predictions of LQC are be-
lieved to reflect the genuine quantum gravity effect from
the full theory in a unrefined manner. On the effec-
tive level, two characteristic corrections, the holonomy
corrections and the inverse-volume corrections, which
are initially proposed in LQG, have been extensively
investigated in LQC [1, 2]. Roughly speaking, the
regimes in which the two corrections dominate are dif-
ferent because the inverse-volume corrections depend on
the quantum gravity scale whereas the holonomy correc-
tions mainly depend on the higher powers of extrinsic
curvature; hence, the two corrections can often be sepa-
rately studied [3]. For observational interest, under cer-
tain parametrization the inverse-volume correction can
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give rise to much stronger quantum gravity effects than
the holonomy correction during the slow-roll inflation
even though the energy density is much smaller than
the Planck energy scale [4]. To probe more detectable
quantum gravity effects, the cosmological perturbations
in the context of LQC have been intensely studied during
the past decade. Currently, three different approaches to
treat the effective perturbations have been proposed and
are separately called the “anomaly-free constraint alge-
bra” [5, 6], “hybrid models” [7, 8] and “dressed metric”
[9, 10]. Each approach has its own advantage and can
also be questioned in some aspects. In this paper, we
follow the anomaly-free constraint algebra approach.
In isotropic and homogenous LQC, the diffeomorphism
constraint vanishes, and the Hamiltonian constraint triv-
ially commutes with itself. However, the algebra becomes
much more involved after including the perturbations. If
the perturbations are included in the constraints in the
classical form, calculations show that the Poisson brack-
ets are no longer closed and the anomalies appear, which
means the covariance of the theory is broken on the ef-
fective level. A natural way to cancel these anomalies
is to add in the perturbed constraint some undetermined
counterterms; then, by requiring a closed constraint alge-
bra and asking the counterterms to vanish in the classical
limit we can fix their expressions. Once the anomaly-free
algebra is obtained, it means we have found a consistent
effective theory.
The anomaly-free algebra approach was first developed
in Ref. [5] for inverse-volume corrections. The cosmolog-
ical gauge invariant perturbations and the power spectra
with quantum corrections were derived in Refs. [11, 12],
and the observational constraints with minimally coupled
scalar matter were studied in Refs. [4, 13]. For holon-
omy corrections, this approach was first applied to the
scalar perturbations in Ref. [14] and to all kinds of per-
turbations in Refs. [15, 16]. The anomaly-free algebra
2including both inverse-volume and holonomy corrections
is studied in Ref. [17]. Besides the cosmological mod-
els, this approach has also been tentatively applied to
many other models with different symmetries, such as
the spherical symmetry [18], Gowdy cosmology [19] and
two-dimensional dilaton gravity [20]. One of the most
important results of the anomaly-free approach is that
the classical constraint algebra is deformed by quantum
corrections; i.e. the Poisson bracket between two Hamil-
tonian constraints becomes
{H [N1], H [N2]} = Da[Ω(N1∇aN2 −N2∇aN1)] (1)
where Ω is a phase-space function, which is different from
the classical case where Ω = 1, and all the other brack-
ets remain unchanged; thus, the covariance of the theory
is retained. The explicit form of function Ω is closely
related to the specific quantum correction implemented.
On the spatially flat FRW background, previous results
tell us that the explicit form of Ω cannot be uniquely
determined not only due to the quantization ambigui-
ties in the corrections but also because the requirement
of anomaly freedom is not strong enough to fix all the
counterterms, some of which remain free functions and
appear in the expression of Ω. To avoid the unwanted
free functions and simplify the calculations, in Ref. [5],
some counterterms were presumed to vanish (which was
also presumed in Ref. [14] for holonomy corrections) and
only linear terms in the anomalies were considered when
calculating the Poisson algebra. In Ref. [17], the au-
thors reconsidered the issue by including all the possible
counterterms and solved the nonlinear anomalies exactly,
they found that the counterterms can be fixed up to a free
function f1[p], which also shows up in Ω, and thus the
ambiguities in the theory still cannot be avoided.
In this paper, we try to solve this problem from a dif-
ferent perspective. To be concrete, in Secs.II and III we
extend the anomaly-free approach for inverse-volume cor-
rections to spatially closed Friedmann-Robterson-Walker
(FRW) background and derive the expression of each
counterterm. Since in the large ro limit the constraints on
the spatially closed background can reduce to the one on
the spatially flat background, the anomaly-free Hamilto-
nian with determined counterterms on the spatially flat
background can then be directly obtained. With the help
of this Hamiltonian, in Sec. IV, we derive the gauge in-
variant cosmological perturbations of scalar, vector and
tensor modes in spatially flat case. The Mukhanov equa-
tions for density and tensor perturbations will also be
given there. In Sec. V, we derive the quantum-corrected
scalar and tensor spectral indices. In the last section, we
make some remarks.
II. CONSTRAINTS ON SPATIALLY CLOSED
FRW BACKGROUND
This section is divided into two parts. We first re-
view the basic variables and background constraint of
the spatially closed FRW model, and in the second part,
we derive the linearly perturbed constraints in terms of
connection variables.
A. Background Hamiltonian constraint
In this part, we summarize the classical theory of the
spatially closed FRW model developed in Refs. [21, 22]
using connection variables. To facilitate a more clear
comparison with the spatially flat case, we will use no-
tations slightly different from those in Refs. [21, 22]. In
the spatially closed case, the space manifold Σ has the
topology of a 3-sphere, S3, on which we have an isotropic
and homogenous, left invariant coframe ω¯ia, and its dual
frame e¯ai , the fiducial metric is given by
oqab ≡ ω¯iaω¯jb kij , (2)
where kij denotes the Cartan-Killing metric on su(2). We
denote the radius of the 3-sphere Σ as ro with respect to
the fiducial metric. In order to better clarify the relation
with the spatially flat case, the radius ro here can cor-
respond to an arbitrary real number, which is different
from Ref. [21] wherein the authors fixed ro = 2. The
isotropic, homogenous connections and densitized triads
can be separately parametrized by c¯ and p¯,
A¯ia = c¯ ω¯
i
a, E¯
a
i = p¯
√
oq e¯ai , (3)
satisfying
{c¯, p¯} = κγ
3V0
, κ = 8πG, (4)
where oq ≡ det(oqab) and γ is the Barbero-Immirzi pa-
rameter and V0 is the volume of some cell C characteris-
tic of the regime considered (which is not necessarily the
3-sphere Σ) with respect to the fiducial metric. Straight-
forward computation shows that the spin connection is
given by
Γ¯ia =
1
ro
ω¯ia. (5)
The extrinsic curvature K¯ia ≡ 1γ (A¯ia − Γ¯ia) becomes
K¯ia =
1
γ
(c¯− 1
ro
) ω¯ia =: k¯ ω¯
i
a (6)
with {k¯, p¯} = κ3V0 ; i.e. the variables k¯ and p¯ now depend
on the fiducial volume V0. Obviously the spin connec-
tion vanishes as ro becomes large enough and the Poisson
bracket (4) will be identical with the one in the spatially
flat case if we set V0 equal to the fiducial volume V0 used
there.
In the homogeneous and isotropic cases, the back-
ground Gauss and diffeomorphism constraints vanish;
hence, we only need to consider the background Hamil-
tonian constraint. The gravitational part of the Hamil-
tonian constraint is
Hg[N ] =
1
2κ
∫
C
d3xNHg, (7)
3with
Hg = ǫijk
Eai E
b
j√
| detE| [2∂aΓ
k
b+ǫmn
k(Γma Γ
n
b−Kma Knb )]. (8)
Substituting (5) and (6) into (8), we easily find the
background gravitational Hamiltonian constraint is ex-
pressed by
H¯g[N¯ ] =
1
2κ
∫
C
d3xN¯H(0)g
=
1
2κ
∫
C
d3xN¯
√
oq
[
−6√p¯ (k¯2 + 1
r2o
)
]
= −3Vo
κ
N¯
√
p¯ (k¯2 +
1
r2o
), (9)
which naturally reproduces the background Hamiltonian
constraint in the spatially flat case in the large ro limit.
B. Perturbed constraints
After including the perturbations, the canonical pair
can be split as follows:
Kia = K¯
i
a + δK
i
a = k¯ ω¯
i
a + δK
i
a,
Eai = E¯
a
i + δE
a
i = p¯ e¯
a
i + δE
a
i . (10)
Recall the definition of the spin connection,
Γia ≡ −
1
2
ǫijkEbj
(
∂aE
k
b − ∂bEka + ElaEck∂cElb
+ EkaE
d
m∂bE
m
d
)
, (11)
where Eia denotes the inverse of E
a
i ; Direct calculation
yields the variation of the spin connection,
δΓia = −
1
2
ǫijkEbj
(
DaδE
k
b −DbδEka + ElaEckDcδElb
+ EkaE
d
mDbδE
m
d
)
=
1
2
ǫijk
(
EkbDaδE
b
j − Ema EkdEbjDbδEdm
+ ElaE
l
bE
c
kDcδE
b
j + E
k
aE
m
d E
b
jDbδE
d
m
)
, (12)
where D denotes the covariant derivative with respect to
Eai , note that in the second step we used the identity
δEka = −EjaEkb δEbj . If we only consider the linear part,
δΓia can be approximated by
δΓia ≃
1
2
ǫijk
(
E¯kb D¯aδE
b
j − E¯ma E¯kd E¯bj D¯bδEdm
+E¯laE¯
l
bE¯
c
kD¯cδE
b
j + E¯
k
a E¯
m
d E¯
b
j D¯bδE
d
m
)
=
1
2
1
p¯
√
oq
(
ǫijk ω¯kb δ
c
a − ǫilk e¯cl ω¯kb ω¯ja
+ǫijk e¯ck ω¯
l
a ω¯
l
b + ǫ
ilk e¯cl ω¯
k
a ω¯
j
b
)
D¯cδE
b
j
≡ 1
2
1
p¯
√
oq
X
ijc
ba D¯cδE
b
j , (13)
where D¯ denotes the derivative compatible with E¯ai .
Using (13), we derive the perturbed gravitational
Hamiltonian constraint which consists of quadratic terms
of linearly perturbed variables,
Hg[N ] =
1
2κ
∫
C
d3x
[
δNH(1)g + N¯H(2)g
]
, (14)
where
H(1)g = −4
√
oq
√
p¯ k¯ e¯ai δK
i
a −
1√
p¯
(k¯2 +
1
r2o
) ω¯iaδE
a
i
+
2√
p¯
e¯aj D¯aD¯bδE
b
j , (15)
H(2)g =
√
oq
√
p¯ e¯ai e¯
b
jδK
j
aδK
i
b −
√
oq
√
p¯ (e¯ai δK
i
a)
2
− 2√
p¯
k¯ δEai δK
i
a +
1
4
√
oq p¯
3
2
(k¯2 +
1
r2o
) (ω¯ia δE
a
i )
2
− 1
2
√
oq p¯
3
2
(k¯2 +
1
r2o
) ω¯iaω¯
j
b δE
a
j δE
b
i
+
1√
oq p¯
3
2
W
cdij
ab (D¯cδE
a
i )(D¯dδE
b
j ), (16)
with W cdij defined by
W
cdij
ab =
1
2
e¯e[me¯
f
n]X
mjd
be X
nic
af − ǫimne¯emXnjdbe δca
−ǫlike¯cl Xkjdba +
1
2
ǫmnke¯
c
m e¯
e
n ω¯
i
aX
kjd
be . (17)
In addition, it is easy to verify that the perturbed
gravitational diffeomorphism constraint on the spatially
closed background can be expressed as
Dg[N
a] =
1
κ
∫
C
d3xδNa
[
2p¯
√
oq e¯biD¯[aδK
i
b] − k¯ ω¯iaD¯bδEbi
]
,
(18)
and the perturbed Gauss constraint reads
G[Λi] =
1
κ
∫
C
d3xδΛi[p¯
√
oq ǫij
ke¯ak δK
j
a + k¯ ǫij
kω¯ja δE
a
k ].
(19)
III. ANOMALY-FREE CONSTRAINTS WITH
INVERSE-VOLUME CORRECTIONS
In the effective theory of LQC, the inverse powers of
densitized triads appearing in the gravitational Hamil-
tonian constraint (8) are subject to the “inverse-volume
corrections,” which are usually assumed to depend only
on the triads and can be described by
〈
√
| detE|〉〈 1√| detE| 〉 → α(Eai ) (20)
where the function α(Eai )→ 1 in the classical limit. Since
its detailed expression cannot be determined due to the
quantization ambiguities, we will not specify the explicit
form of α in this section.
4A. Inverse-volume corrections and constraints
In LQG, neither the diffeomorphism constraint nor
Gauss constraint is modified by quantum corrections,
and only the Hamiltonian constraint is affected; there-
fore, in LQC, we only consider the quantum corrections
in the Hamiltonian constraint, the gravitational part with
inverse-volume corrections of which can be split as
H
Q
g [N ] =
1
2κ
∫
C
d3x(N¯ + δN)(α¯+ α(1) + α(2))
×[H(0)g + H˜(1)g + H˜(2)g ], (21)
wherein α¯ represents the homogenous part of the inverse-
volume corrections and α(1) and α(2) are separately the
inhomogeneous parts to first and second orders. In the
classical case, α¯ = 1, and both α(1) and α(2) vanish. For
convenience of calculations, we parametrize them as
α¯ ≡ α¯(p¯), (22)
α(1) ≡ α¯(p¯)√
oq p¯
α1(p¯) ω¯
i
aδE
a
i , (23)
α(2) ≡ α¯(p¯)
oq p¯2
[
α2(p¯) ω¯
i
aω¯
j
b δE
a
j δE
b
i + α3(p¯) (ω¯
i
a δE
a
i )
2
]
.
(24)
The gravitational Hamiltonian densities H(0), H˜(1) and
H˜(2) separately read
H(0)g = −6
√
oq
√
p¯ (k¯2 +
1
r2o
), (25)
H˜(1)g = −4
√
oq
√
p¯ k¯ (1 + f1) e¯
a
i δK
i
a
− 1√
p¯
k¯2(1 + f2) ω¯
i
aδE
a
i
− 1√
p¯
1
r2o
(1 + f3) ω¯
i
aδE
a
i
+
2√
p¯
(1 + f4) e¯
a
j D¯aD¯bδE
b
j , (26)
H˜(2)g =
√
oq
√
p¯ (1 + f5) e¯
a
i e¯
b
jδK
j
aδK
i
b
−√oq√p¯ (1 + f6) (e¯ai δKia)2
− 2√
p¯
k¯ (1 + f7) δE
a
i δK
i
a
+
1
4
√
oq p¯
3
2
k¯2 (1 + f8) (ω¯
i
a δE
a
i )
2
+
1
4
√
oq p¯
3
2
1
r2o
(1 + f9) (ω¯
i
a δE
a
i )
2
− 1
2
√
oq p¯
3
2
k¯2 (1 + f10) ω¯
i
aω¯
j
b δE
a
j δE
b
i
− 1
2
√
oq p¯
3
2
1
r2o
(1 + f11) ω¯
i
aω¯
j
b δE
a
j δE
b
i
+
1√
oq p¯
3
2
(1 + f12)W
cdij
ab (D¯cδE
a
i )(D¯dδE
b
j ).
(27)
As mentioned above, the functions f1 to f12 are countert-
erms introduced to cancel the anomalies in the following
algebra; in this paper, we assume that they depend only
on the gravitational variable p¯. From (21) to (27), it is
easy to see that α2(p¯) and α3(p¯) can be absorbed into
the counterterms in the second order expansion of the
Hamiltonian constraint; therefore, without loss of gen-
erality, we set α2 = α3 = 0. Since the counterterms
cannot be uniquely fixed by the gravitational part alone
and as shown in Ref. [5], the introduction of matter field
can help determine some counterterms; in this paper, we
also consider the simple model of the minimally coupled
scalar field with general potential shape V (ϕ), and now
the matter part of Hamiltonian constraint can be written
as
H
Q
m[N ] =
∫
C
d3x(N¯ + δN)
[ (
β¯ + β(1) + β(2)
)
×
(
H(0)pi + H˜(1)pi + H˜(2)pi + H˜(2)∇
)
+
(
H(0)ϕ + H˜(1)ϕ + H˜(2)ϕ
)]
, (28)
where similarly as the gravitational part, the inverse-
volume corrections in the matter part are defined as
β¯ ≡ β¯(p¯), (29)
β(1) ≡ β¯(p¯)√
oq p¯
β1(p¯) ω¯
i
aδE
a
i , (30)
β(2) ≡ β¯(p¯)
oq p¯2
[
β2(p¯) ω¯
i
aω¯
j
b δE
a
j δE
b
i + β3(p¯) (ω¯
i
a δE
a
i )
2
]
,
(31)
which arise due to the appearance of inverse densitized
triads and the inverse metric in the kinetic sector, and
must satisfy the requirement that β¯ → 1 in the classical
limit. Generally speaking, they may take a different form
from the correction α. The different parts in the matter
Hamiltonian constraint read as follows,
H(0)pi =
π¯2
2
√
oq p¯
3
2
, (32)
H(0)ϕ =
√
oq p¯
3
2V (ϕ¯), (33)
H˜(1)pi =
π¯√
oq p¯
3
2
(1 + g1)δπ
− π¯
2
4 oq p¯
5
2
(1 + g2) ω¯
i
aδE
a
i , (34)
(35)
5H˜(1)ϕ =
√
oq p¯
3
2V,ϕ(ϕ¯)(1 + g3)δϕ
+
√
p¯
2
V (ϕ¯)(1 + g4) ω¯
i
aδE
a
i , (36)
H˜(2)pi =
1
2
√
oq p¯
3
2
(1 + g5)(δπ)
2
− π¯
2 oq p¯
5
2
(1 + g6)δπ ω¯
i
aδE
a
i
+
π¯2
8 oq
3
2 p¯
7
2
(1 + g7) ω¯
i
aω¯
j
b δE
a
j δE
b
i
+
π¯2
16 oq
3
2 p¯
7
2
(1 + g8)(ω¯
i
a δE
a
i )
2, (37)
H˜(2)∇ =
√
oq
√
p¯
2
(1 + g9) e¯
a
i e¯
b
i (D¯aδϕ)D¯bδϕ, (38)
H˜(2)ϕ =
√
oq p¯
3
2
2
V,ϕϕ(ϕ¯)(1 + g10) (δϕ)
2
+
√
p¯
2
V,ϕ(ϕ¯)(1 + g11) δϕ ω¯
i
aδE
a
i
− V (ϕ¯)
4
√
oq
√
p¯
(1 + g12) ω¯
i
aω¯
j
b δE
a
j δE
b
i
+
V (ϕ¯)
8
√
oq
√
p¯
(1 + g13) (ω¯
i
a δE
a
i )
2, (39)
where V,ϕ(ϕ¯) ≡ dV (ϕ¯)dϕ¯ ,V,ϕϕ(ϕ¯) ≡ d
2V (ϕ¯)
dϕ¯2 . Likewise, the
counterterms g1 to g13 are also assumed to be functions
only of p¯ and should vanish in the classical limit. More-
over, similarly as above, β1, β2 and β3 can be absorbed
into the counterterms; hence, in the following, we choose
β1 = β2 = β3 = 0.
The Hamiltonian constraint is given by
H
Q[N ] = HQg [N ] +H
Q
m[N ] (40)
and the diffeomorphism constraint reads
D[Na] = Dg[N
a] +Dm[N
a] (41)
where the matter part Dm[N
a] =
∫
C d
3x δNaπ¯D¯aδϕ re-
tains the classical form just like the gravitational coun-
terpart.
B. Poisson brackets and anomalies
In this section, we calculate the different Poisson brack-
ets. Since the diffeomorphism constraint and Gauss con-
straint keep the classical form, the Poisson brackets be-
tween them do not generate anomalies; hence, the pos-
sible anomalies can only be generated from the brackets
with quantum-corrected Hamiltonian constraint.
1. {HQ[N ],D[Na]}
Using the elementary Poisson bracket
{δKia(x), δEbj (y)} = κδijδbaδ3(x− y) (42)
and the above expressions for HQg and H
Q
m, after direct
calculations, we obtain the following result, which is writ-
ten as sum of independent terms,
{HQ[N ],D[Na]}
= −HQ [δNaD¯aδN ]
+
1
κ
∫
C
d3x α¯
√
oq
√
p¯ k¯2 (δNaD¯aδN)A1
+
1
κ
∫
C
d3x α¯
√
oq
√
p¯
1
r2o
(δNaD¯aδN)A2
+
1
κ
∫
C
d3x α¯ N¯
√
oq
√
p¯ k¯ (δN ce¯ai D¯cδK
i
a)A3
+
1
κ
∫
C
d3x α¯ N¯
√
oq
√
p¯ k¯ (δNae¯ciD¯cδK
i
a)A4
+
1
κ
∫
C
d3x α¯
N¯√
p¯
k¯2 (ω¯iaδN
cD¯cδE
a
i )A5
+
1
κ
∫
C
d3x α¯
N¯√
p¯
k¯2 (δN cω¯icD¯aδE
a
i )A6
+
1
κ
∫
C
d3x α¯
N¯√
p¯
1
r2o
(ω¯iaδN
cD¯cδE
a
i )A7
+
1
κ
∫
C
d3x α¯
N¯√
p¯
1
r2o
(δN cω¯icD¯aδE
a
i )A8
+
1
κ
∫
C
d3x N¯
√
p¯ (D¯aδN
a)(e¯cjD¯cD¯bδE
b
j )A9
+
∫
C
d3x
√
oq p¯
3
2 V (ϕ¯) (δN cD¯cδN)A10
+
∫
C
d3x
β¯π¯2
2
√
oq p¯
3
2
(δN cD¯cδN)A11
+
∫
C
d3x N¯
√
oq p¯
3
2V,ϕ(ϕ¯) (δN
cD¯cδϕ)A12
+
∫
C
d3x
β¯N¯ π¯√
oq p¯
3
2
(δN cD¯cδπ)A13
+
∫
C
d3x N¯
√
p¯ V (ϕ¯)
2
(δN cω¯icD¯aδE
a
i )A14
+
∫
C
d3x N¯
√
p¯ V (ϕ¯)
2
(ω¯iaδN
cD¯cδE
a
i )A15
+
∫
C
d3x
β¯N¯ π¯2
12 oq p¯
5
2
(δN cω¯icD¯aδE
a
i )A16
+
∫
C
d3x
β¯N¯π¯2
4 oq p¯
5
2
(ω¯iaδN
cD¯cδE
a
i )A17, (43)
where A1 to A14 are anomalies which read explicitly as
A1 = 6α1 + 2f1 + f2, (44)
A2 = 6α1 + f3 + 2f4, (45)
A3 = 4(1 + f1)α1 + f6 + f7, (46)
A4 = −f5 − f7, (47)
A5 = (4 + 2f1 + 2f2)α1 + f10
2
− f8
2
, (48)
6A6 = f7 − f10
2
− p¯
α¯
dα¯
dp¯
, (49)
A7 = (4 + 2f3 + 2f4)α1 + f11
2
− f9
2
, (50)
A8 = −f11
2
+ f12 − p¯
α¯
dα¯
dp¯
, (51)
A9 = 2α1(1 + f4), (52)
A10 = −g4, (53)
A11 = g2 − 2g1, (54)
A12 = −g11, (55)
A13 = g6 − g5, (56)
A14 = −g12, (57)
A15 = g12 − g13, (58)
A16 = 3g7 + 2 p¯
β¯
dβ¯
dp¯
, (59)
A17 = 2g6 − g8 − g7. (60)
Note that in deriving the anomalies A2 and A8 we have
used the identity
{∫
C
d3x
δN√
p¯
e¯aj D¯aD¯bδE
b
j ,
∫
C
d3xδNap¯
√
oq e¯biD¯[aδK
i
b]
}
= κ
∫
C
d3x
√
oq
√
p¯
1
r2o
δNaD¯aδN, (61)
to which we will give a proof in the Appendix.
2. {HQ[N1],H
Q[N2]}
The Poisson brackets between the Hamiltonian con-
straints lead to
{HQ[N1],HQ[N2]}
= α¯2(1 + f4)(1 + f6)D
[
N¯
p¯
D¯a(δN2 − δN1)
]
+
1
κ
∫
C
d3x α¯2N¯
√
oq D¯a(δN2 − δN1)(e¯bi D¯bδKia)A18
+
1
κ
∫
C
d3x α¯2N¯
k¯
p¯
D¯a(δN2 − δN1)(ω¯iaD¯cδEci )A19
+
1
κ
∫
C
d3x α¯2N¯
k¯
p¯
D¯c(δN2 − δN1)(ω¯iaD¯cδEai )A20
+
1
κ
∫
C
d3x α¯2N¯
√
oq k¯2(δN2 − δN1)(e¯ai δKia)A21
+
1
κ
∫
C
d3x α¯2N¯
√
oq
1
r2o
(δN2 − δN1)(e¯ai δKia)A22
+
1
κ
∫
C
d3x α¯2
N¯
p¯
k¯3(δN2 − δN1)(ω¯iaδEai )A23
+
1
κ
∫
C
d3x α¯2
N¯
p¯
k¯
r2o
(δN2 − δN1)(ω¯iaδEai )A24
+
∫
C
d3x α¯β¯
N¯√
oqp¯2
π¯2
2
(δN2 − δN1)(e¯ai δKia)A25
+
∫
C
d3x α¯N¯
√
oqp¯ V (ϕ¯) (δN2 − δN1)(e¯ai δKia)A26
+
∫
C
d3x α¯β¯
N¯
oqp¯3
π¯2
4
(δN2 − δN1)(ω¯iaδEai )A27
+
∫
C
d3x α¯N¯
V (ϕ¯)
2
(δN2 − δN1)(ω¯iaδEai )A28
+
∫
C
d3x α¯β¯
N¯√
oqp¯2
π¯(δN2 − δN1) δπA29
+
∫
C
d3x α¯N¯
√
oqp¯ V,ϕ(ϕ¯) (δN2 − δN1) δϕA30
+
∫
C
d3x β¯
N¯√
oqp¯
π¯V,ϕ(ϕ¯)
2
(δN2 − δN1)(ω¯iaδEai )A31
+
∫
C
d3x β¯N¯ π¯V,ϕϕ(ϕ¯)(δN2 − δN1)(δϕ)A32
+
∫
C
d3x β¯N¯V,ϕ(ϕ¯)(δN2 − δN1) δπA33
+
∫
C
d3x β¯2
N¯
p¯
π¯D¯a(δN2 − δN1)(D¯aδϕ)A34, (62)
where D¯a ≡ e¯ai e¯biD¯b and the anomalies are given by
A18 = (1 + f4)(f6 − f5), (63)
A19 = (1 + f4)(1 + f6 + f7 + 2 p¯
α¯
dα¯
dp¯
) + 2p¯
df4
dp¯
−(1 + f1)(1 + f12 + 6α1), (64)
A20 = 2(f4 − f1)α1, (65)
A21 = (1 + f1)(−1 + 2 p¯
α¯
dα¯
dp¯
− 2f7 − 12α1 − 12α1f1)
+4p¯
df1
dp¯
+
1
2
(1 + f2 + 6α1)(2 + 3f6 − f5), (66)
A22 = −(1 + 2 p¯
α¯
dα¯
dp¯
)(1 + f1) +
1
2
(1 + f3 + 6α1)
×(2 + 3f6 − f5), (67)
A23 = 1
2
(−1 + f7 + 6α1 + 6α1f1)(1 + f2 + 6α1)
+
1
2
(1 + f1)(1 + 3f8 − 12α1 − 12α1f2 − 2f10),
+p¯
df2
dp¯
+ 6p¯
dα1
dp¯
, (68)
A24 = (1
2
f7 +
p¯
α¯
dα¯
dp¯
+ 3α1 + 3α1f1)(1 + f3 + 6α1)
+
1
2
(1 + f1)(1 + 3f9 − 2f11 − 12α1 + 3α1f3)
−1
2
(1 + 2
p¯
α¯
dα¯
dp¯
)(1 + f2 + 6α1) + p¯
df3
dp¯
+6p¯
dα1
dp¯
, (69)
7A25 = (1 + g2)(1 + 3
2
f6 − 1
2
f5)− (1− 2
3
p¯
β¯
dβ¯
dp¯
)
×(1 + f1), (70)
A26 = (1 + f1)− (1 + g4)(1 + 3
2
f6 − 1
2
f5), (71)
A27 = (1 + g2)(1 + f7 + 6α1 + 6α1f1)
+(
2
3
p¯
β¯
dβ¯
dp¯
− 1)(1 + f2 + 6α1)
+(−5 + 2 p¯
β¯
dβ¯
dp¯
)(1 + g2) + 2p¯
dg2
dp¯
,
+(1 + f1)(5 + 3g8 + 2g7), (72)
A28 = f2 + 6α1 − (1 + f7 + 6α1 + 6α1f1)(1 + g4)
+(1 + f1)(1 + 3g13 − 2g12)− g4 − 2p¯dg4
dp¯
, (73)
A29 = −3(1 + f1)(1 + g6) + (1 + g1)(3− 2 p¯
β¯
dβ¯
dp¯
)
−2p¯dg1
dp¯
, (74)
A30 = 3(1 + f1)(1 + g11)− 3(1 + g3)− 2pdg3
dp¯
, (75)
A31 = −2− g2 − g4 + (1 + g3)(1 + g6)
+(1 + g1)(1 + g11), (76)
A32 = −(1 + g3) + (1 + g1)(1 + g10), (77)
A33 = 1 + g1 − (1 + g3)(1 + g5), (78)
A34 = β¯2(1 + g1)(1 + g9)− α¯2(1 + f4)(1 + f6). (79)
Notice that to derive equation (64) we used the bracket{∫
C
d3x δN
√
oq(e¯ai δK
i
a),
∫
C
d3x
N¯√
oq
W
cdij
ab (D¯cδE
a
i )
×(D¯dδEbj )
}
= κ
∫
C
d3xN¯δN(e¯ai D¯aD¯cδE
c
i ), (80)
which can be verified by straight calculation using the
definition of W cdijab in (17).
3. {HQ[N ],G[Λi]}
Finally, this Poisson bracket is given by
{HQ[N ],G[Λi]}
=
1
κ
∫
C
d3x α¯N¯
√
oq
√
p¯ k¯ ǫij
ke¯ak δΛ
iδKjaA35
+
1
κ
∫
C
d3x α¯
N¯√
p¯
k¯2ǫ kij ω¯
j
a δΛ
iδEakA36
+
1
κ
∫
C
d3x α¯
N¯√
p¯
1
r2o
ǫ kij ω¯
j
a δΛ
iδEakA37
+
∫
C
d3x
β¯N¯ π¯2
12 oq p¯
5
2
ǫ kij ω¯
j
a δΛ
iδEakA38
+
∫
C
d3x N¯
√
p¯ V (ϕ¯)
2
ǫ kij ω¯
j
a δΛ
iδEakA39, (81)
where
A35 = f5 + f7, (82)
A36 = f10
2
− f7 + p¯
α¯
dα¯
dp¯
, (83)
A37 = f11
2
− f12 + p¯
α¯
dα¯
dp¯
, (84)
A38 = −3g7 − 2 p¯
β¯
dβ¯
dp¯
, (85)
A39 = g12. (86)
A1 to A38 are anomalies that should vanish on the
effective level; i.e. we have to solve the equations
Ai = 0, (i = 1, 2...39).
C. Solutions of the anomalies
Notice that in the anomaly equations there exist three
unspecified inverse-volume correction functions α¯, α1 and
β¯ and 25 counterterms, which are fi (i = 1, 2...12) and
gi (i = 1, 2...13), i.e. totally 28 unknown quantities. As
shown above, to fix these quantities we need to solve up
to 39 anomaly equations. However, not all of these equa-
tions are independent of each other; for instance, it is
obvious that Eqs. (82),(83),(84),(85) and (86) are sep-
arately equivalent to Eqs. (47),(49),(51),(59) and (57),
moreover, some other complex equations can be deduced
from other ones, and thus the number of independent
anomalies is less than the total. In the following we will
give a sketch of the derivation for the counterterms.
Let us begin with the simple ones. From Eqs.
(52),(53),(55),(57) and (58), it is easy to see
α1 = g4 = g11 = g12 = g13 = 0. (87)
Substituting it into (46) and (71), using (44), (47), (54),
(59) and (70), we have
f1 = −f2
2
= f5 = f6 = −f7, (88)
and
g2 = 2g1 = g7 = −2
3
p¯
β¯
dβ¯
dp¯
. (89)
Using (89) and (56), then solving (74), (75) and (78)
simultaneously, we get
g6 = g5 = β¯
(
1− 1
3
p¯
β¯
dβ¯
dp¯
)2
− 1, (90)
g3 =
1
β¯
(
1− 13 p¯β¯ dβ¯dp¯
) − 1, (91)
f1 =
1− 79 p¯β¯ dβ¯dp¯ + 29 p¯
2
β¯
d2β¯
dp¯2
β¯
(
1− 13 p¯β¯ dβ¯dp¯
)2 − 1. (92)
8Inserting (88) into (48), (49) and (67), it is easy to see
f10 = −2f1 − 2 p¯
α¯
dα¯
dp¯
, (93)
f8 = f10, (94)
f3 = 2
p¯
α¯
dα¯
dp¯
; (95)
substituting (95) into (45), then using (88), (46) and (64),
we have
f4 = −f3
2
= − p¯
α¯
dα¯
dp¯
, (96)
f12 =
(1 + f4)(1 + 2
p¯
α¯
dα¯
dp¯ ) + 2p¯
df4
dp¯
1 + f1
− 1, (97)
and then from (50) and (51), we derive
f11 = 2f12 − 2 p¯
α¯
dα¯
dp¯
, (98)
f9 = f11. (99)
Furthermore, using (88), (89) and (91) from (60), (77)
and (79), we get
g8 = 2g6 +
2
3
p¯
β¯
dβ¯
dp¯
, (100)
g9 =
α¯2
β¯2
(1− p¯α¯ dα¯dp¯ )
(1− 13 p¯β¯ dβ¯dp¯ )
(1 + f1)− 1, (101)
g10 =
1
β¯
(
1− 13 p¯β¯ dβ¯dp¯
)2 − 1. (102)
Note that we have derived the solutions of all coun-
terterms, yet we still need to check whether these solu-
tions satisfy the other anomaly equations which have not
been used in the derivation. First, it is not difficult to
check the above solutions solve the anomalies A18, A20,
A27, A31, and next, we substitute the solutions into the
remaining two equations (66) and (68); from both, we
get the same equation:
2p¯
df1
dp¯
+ (1 + f1)
p¯
α¯
dα¯
dp¯
= 0. (103)
Combined with the condition α(p¯) → 1 in the classical
limit, Eq. (103) yields
f1 =
1√
α¯
− 1; (104)
plugging (104) into (92), we get the equation
9− 7 p¯
β¯
dβ¯
dp¯ + 2
p¯2
β¯
d2β¯
dp¯2
β¯
(
3− p¯
β¯
dβ¯
dp¯
)2 = 1√α¯ , (105)
which relates β to α and it means that in order to get a
consistent algebra the choices of inverse-volume correc-
tions for the gravitational part should be relevant to the
matter part.
Finally, using (105), we rewrite the counterterms as
f1 =
1√
α¯
− 1, (106)
f2 = −2( 1√
α¯
− 1), (107)
f3 = 2
p¯
α¯
dα¯
dp¯
, (108)
f4 = − p¯
α¯
dα¯
dp¯
, (109)
f5 =
1√
α¯
− 1, (110)
f6 =
1√
α¯
− 1, (111)
f7 = −( 1√
α¯
− 1), (112)
f8 = − 2√
α¯
+ 2− 2 p¯
α¯
dα¯
dp¯
, (113)
f9 = 2
(√
α¯− 1− p¯√
α¯
dα¯
dp¯
− p¯
α¯
dα¯
dp¯
− 2p¯
2
√
α¯
d2α¯
dp¯2
)
,(114)
f10 = − 2√
α¯
+ 2− 2 p¯
α¯
dα¯
dp¯
, (115)
f11 = 2
(√
α¯− 1− p¯√
α¯
dα¯
dp¯
− p¯
α¯
dα¯
dp¯
− 2p¯
2
√
α¯
d2α¯
dp¯2
)
,
(116)
f12 =
√
α¯
(
1− p¯
α¯
dα¯
dp¯
− 2 p¯
2
α¯
d2α¯
dp¯2
)
− 1, (117)
g1 = −1
3
p¯
β¯
dβ¯
dp¯
, (118)
g2 = −2
3
p¯
β¯
dβ¯
dp¯
, (119)
g3 =
1
β¯
(
1− 13 p¯β¯ dβ¯dp¯
) − 1, (120)
g4 = 0, (121)
g5 = β¯
(
1− 1
3
p¯
β¯
dβ¯
dp¯
)2
− 1, (122)
g6 = β¯
(
1− 1
3
p¯
β¯
dβ¯
dp¯
)2
− 1, (123)
g7 = −2
3
p¯
β¯
dβ¯
dp¯
, (124)
g8 = 2
(
β¯
(
1− 1
3
p¯
β¯
dβ¯
dp¯
)2
+
1
3
p¯
β¯
dβ¯
dp¯
− 1
)
, (125)
g9 =
α¯
3
2
β¯2
(1− p¯α¯ dα¯dp¯ )
(1− 13 p¯β¯ dβ¯dp¯ )
− 1, (126)
g10 =
1
β¯
(
1− 13 p¯β¯ dβ¯dp¯
)2 − 1, (127)
g11 = g12 = g13 = 0, (128)
9Now every counterterm has been uniquely expressed in
terms of the background quantum corrections α¯(p¯) and
β¯(p¯), which indicates a consistent constraint algebra can
also be obtained in the spatially closed case.
The nonvanishing Poisson brackets read
{HQ[N ],D[Na]} = −HQ [δNaD¯aδN ], (129)
{HQ[N1],HQ[N2]}
= α¯
3
2 (1− p¯
α¯
dα¯
dp¯
)D
[
N¯
p¯
D¯a(δN2 − δN1)
]
. (130)
The prefactor on the right-hand of (130) clearly shows
that the algebra between the Hamiltonian constraints is
deformed by the inverse-volume corrections.
Remarkably, the expressions of counterterms we have
obtained on the spatially closed background are in com-
plete agreement with the ones derived on the spatially
flat background [17] , which could be regarded as a cross-
check of the correctness of our results and it also implies a
uniform deformed algebra could exist for different spatial
topology.
D. Anomaly-free constraints on spatially flat FRW
background
To recover the anomaly-free Hamiltonian constraint
on the spatially flat background, we simply discard the
terms proportional to the spatial curvature by setting
ro → ∞ and then replace the derivative D¯a with ∂a.
Furthermore, ω¯ia, and e¯
a
i are also replaced by δ
i
a and δ
a
i ,
and
√
oq is dropped to agree with the notations used in
the spatially flat case [5, 14]. For clarity, in the following,
we define
Λα ≡ − p¯
α¯
dα¯
dp¯
, Ωα ≡ p¯
2
α¯
d2α¯
dp¯2
, Λβ ≡ −1
3
p¯
β¯
dβ¯
dp¯
,
(131)
which all vanish in the classical limit.
Using the counterterms derived above, the inverse-
volume-corrected Hamiltonian constraint on the flat
FRW background is expressed as
H
Q
k=0[N ] = H
B
k=0[N ] +H
P
k=0[N ], (132)
where HBk=0[N ] denotes the background part
H
B
k=0[N ] =
∫
C
d3xN¯
[
− 3
κ
α¯
√
p¯ k¯2 +
β¯π¯2
2 p¯
3
2
+ p¯
3
2V (ϕ¯)
]
,
(133)
and HPk=0[N ] denotes the perturbed part
H
P
k=0[N ] = H
P
g [N ] +H
P
m[N ], (134)
with
H
P
g [N ] =
1
2κ
∫
C
d3x
[
δNH(1)g + N¯H(2)g
]
, (135)
H
P
m[N ] =
∫
C
d3x
[
δNH(1)m + N¯H(2)m
]
, (136)
where
H(1)g = −4
√
α¯
√
p¯ k¯ δai δK
i
a − (3α¯− 2
√
α¯)
k¯2√
p¯
δiaδE
a
i
+ α¯ (1 + Λα)
2√
p¯
∂a∂
iδEai , (137)
H(2)g =
√
α¯
√
p¯ δakδ
b
jδK
j
aδK
k
b −
√
α¯
√
p¯ (δai δK
i
a)
2
− (2α¯−√α¯) 2k¯√
p¯
δEai δK
i
a
− (3α¯− 2√α¯+ 2 α¯Λα) k¯
2
2p¯
3
2
δEaj δE
b
kδ
k
aδ
j
b
+ (3α¯− 2√α¯+ 2 α¯Λα) k¯
2
4p¯
3
2
(δEai δ
i
a)
2
+ α¯
3
2 (1 + Λα − 2Ωα) 1
p¯
3
2
W
cdij
ab (∂cδE
a
i )(∂dδE
b
j ),
(138)
H(1)m = β¯(1 + Λβ)
π¯
p¯
3
2
δπ − β¯(1 + 2Λβ) π¯
2
4p¯
5
2
δiaδE
a
i
+
1
β(1 + Λβ)
p¯
3
2 V,ϕ(ϕ¯)δϕ+
√
p¯
2
V (ϕ¯)δiaδE
a
i ,
(139)
H(2)m = β¯2(1 + Λβ)2
1
2p¯
3
2
(δπ)2 +
V (ϕ¯)
8
√
p¯
(δiaδE
a
i )
2
+
1
β¯(1 + Λβ)2
1
2
p¯
3
2V,ϕϕ(ϕ¯)(δϕ)
2
+ β¯
(
2β¯(1 + Λβ)
2 − 2Λβ − 1
) π¯2
16p¯
7
2
(δiaδE
a
i )
2
+ β¯(1 + 2Λβ)
π¯2
8p¯
7
2
δiaδ
j
bδE
a
j δE
b
i
− V (ϕ¯)
4
√
p¯
δiaδ
j
bδE
a
j δE
b
i +
√
p¯
2
V,ϕ(ϕ¯)δϕ(δ
i
aδE
a
i )
− β¯2(1 + Λβ)2 π¯
2p¯
5
2
δπ(δiaδE
a
i )
+
α¯
3
2
β¯
(1 + Λα)
(1 + Λβ)
1
2
√
p¯ (∂aδϕ)∂aδϕ. (140)
The total effective Hamiltonian on the spatially flat
FRW background is expressed by
H
Q
total = H
Q
k=0[N ] +Dk=0[N
a] +Gk=0[Λ
i], (141)
where both the diffeomorphism and Gauss constraint
keep their classical forms.
IV. COSMOLOGICAL PERTURBATIONS ON
SPATIALLY FLAT FRW BACKGROUND
In order to derive the possible observational effects
of inverse-volume corrections, it is necessary to study
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the cosmological perturbations on the spatially flat FRW
background. In this section, the main effort is dedicated
to derive the equations of motion of gauge invariant per-
turbed variables.
A. Canonical equations of motion
In this article, we mainly focus on the effects of inverse-
volume corrections during the slow-roll inflation. In the
slow-roll period, it is reasonable to believe the backreac-
tion of the perturbations is very weak such that the evo-
lution of the homogeneous parts are not affected by the
inhomogeneous parts; then, using the total Hamiltonian
(141), the equations of motion for background variables
are given by
˙¯k = − α¯(1− 2Λα) N¯
2
√
p¯
k¯2 − β¯(1 + 2Λβ) κN¯
4p¯
3
2
π¯2
+
κ
2
√
p¯N¯V (ϕ¯), (142)
˙¯p = 2 α¯N¯
√
p¯ k¯, (143)
˙¯ϕ = β¯
N¯
p¯
3
2
π¯, (144)
˙¯π = −N¯ p¯ 32 V,ϕ(ϕ¯). (145)
By setting N¯ =
√
p¯, we can get the quantum-corrected
Friedmann, Raychaudhuri and Klein-Gorden equations
in conformal time,
H2 = κ
3
α¯
(
ϕ¯′ 2
2β¯
+ p¯V (ϕ¯)
)
, (146)
H′ = (1− Λα)H2 − κ
2
α¯
β¯
(1 + Λβ) ϕ¯
′ 2, (147)
ϕ¯′′ + 2(1 + 3Λβ)H+ β¯p¯V,ϕ(ϕ¯) = 0, (148)
where the Hubble rate H ≡ p′2p and the prime denotes a
derivative with respect to the conformal time η.
The quantum-corrected Hamilton’ equation for the
perturbed variables δKia, δE
a
i , δϕ and δπ are separately
written as
˙δKia = k¯ (∂aδN
c)δic +
2√
p¯
α¯ (1 + Λα)(∂a∂
iδN)
+
δiaδN
2
√
p¯
(
−β¯(1 + 2Λβ)κπ¯
2
2p¯2
+ κp¯V (ϕ¯)
)
−δ
i
aδN
2
√
p¯
(3α¯− 2√α¯)k¯2 − N¯√
p
(2α¯−√α¯)k¯ δKia
− N¯
2p¯
3
2
(3α¯− 2√α¯+ 2 α¯Λα)k¯2(δjaδicδEcj )
+
N¯
4p¯
3
2
(3α¯− 2√α¯+ 2 α¯Λα)k¯2(δjcδEcj )δia
− N¯
2p¯
3
2
α¯
3
2 (1 + Λα − 2Ωα) δijW cdijab ∂c∂dδEbj
− N¯
2p¯
3
2
α¯
3
2 (1 + Λα − 2Ωα) δijW cdjiba ∂d∂cδEbj
+
N¯
2p¯
3
2
(
β¯(1 + 2Λβ)
κπ¯2
2p¯2
− κp¯V (ϕ¯)
)
(δjaδ
i
cδE
c
j )
+
N¯κπ2
8p¯
7
2
β¯
(
2β¯(1 + Λβ)
2 − 2Λβ − 1
)
(δjcδE
c
j )δ
i
a
+
N¯κV (ϕ¯)
4
√
p¯
(δjcδE
c
j )δ
i
a −
κN¯
2p¯
5
2
β¯2(1 + Λβ)
2πδπδia
+
√
p¯κN¯δia
2
V,ϕ(ϕ¯)δϕ+ k¯ ǫkj
iδjaδΛ
k, (149)
˙δEai = −p¯ (∂iδNa − δai ∂cδN c) + 2
√
α
√
p¯ k¯ δai δN
+
√
αN¯
√
p¯ (δcjδK
j
c )δ
a
i −
√
αN¯
√
p¯(δci δ
a
j δK
j
c )
+
N√
p¯
(
2α−√α) k¯δEai − p¯ ǫkijδaj δΛk, (150)
˙δϕ = β¯(1 + Λβ)
πδN
p¯
3
2
+ β¯2(1 + Λβ)
2 N¯δπ
p¯
3
2
−β¯2(1 + Λβ)2 N¯ π¯
2p¯
5
2
(δiaδE
a
i ), (151)
˙δπ = π¯∂aδN
a − 1
β¯(1 + Λβ)
p¯3/2V,ϕ(ϕ¯)δN
− 1
β¯(1 + Λβ)2
N¯ p¯
3
2 V,ϕϕ(ϕ¯)δϕ− N¯ p¯
1
2
2
V,ϕ(ϕ¯)δ
i
aδE
a
i
+
α¯
3
2
β¯
(1 + Λα)
(1 + Λβ)
N¯
√
p¯ δab(∂b∂aδϕ). (152)
B. Gauge invariant variables
Due to the quantum corrections, the gauge transforma-
tions of perturbations behave differently from the classi-
cal theory, thus, it is necessary to reconstruct the gauge
invariant variables first.
To begin with, we decompose the configuration vari-
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able into the scalar, vector and tensor modes, i.e.
δEai = p¯
[
− 2ψδai + (δai ∂d∂d − ∂a∂i)E −
1
2
∂aFi − 1
2
∂iF
a
−1
2
hai
]
, (153)
where to guarantee that the physical variables are invari-
ant under Gauss transformation we set hai = h
i
a and
put the same prefactor 12 before the vector modes [16].
In addition, the perturbed lapse function and shift vector
are decomposed as
δN = N¯φ, δNa = ∂aB + Sa, (154)
then, from Eq. (150), we find the internally gauge invari-
ant momentum δKia can be decomposed as
√
α¯ δKia
= −δai
[
ψ′ +
H√
α¯
(ψ + φ)
]
+ ∂a∂
i
[ H√
α¯
E − (B − E′)
]
+
1
2
[ H√
α¯
(∂aF
i + ∂iFa) + (∂aF
i + ∂iFa)
′
−(∂aSi + ∂iSa)
]
+
1
2
[
hia
′
+
H√
α¯
hia
]
, (155)
where hia ≡ δibδjahbj . Moreover, from (151) the decom-
position of δπ reads
δπ =
p¯ δϕ′
β¯2(1 + Λβ)2
− p¯ ϕ¯
′
β¯
(
3ψ −∆E + φ
β¯(1 + Λβ)
)
,
(156)
where ∆ ≡ δab∂a∂b.
According to Ref. [11], under the small coordinate
transformation parametrized by
xµ → xµ + ξµ,
ξµ ≡ (ξ0, ξa), ξa ≡ ∂aξ + ξ˜a, (157)
where ∂aξ˜
a = 0, the infinitesimal change of a perturbed
phase- space variable X is given by
δ[ξ0,ξa]X ≡ {X,H(2)[N¯ξ0] +D[ξa]}, (158)
where
H
(2)[N¯ξ0] ≡
∫
C
d3xN¯ξ0
[
1
2κ
H(1)g +H(1)m
]
, (159)
in which the expressions of H(1)g and H(1)m are given in
(137) and (139). With the help of (159), it is easy to find
the gauge transformation of X ’s time derivative,
δ[ξ0,ξa]X˙ =
˙(δ[ξ0,ξa]X)− α¯
3
2 (1 + Λα) δ[0,∂aξ0]X.
(160)
In what follows we separately consider the different
modes. Let us start with the scalar modes of perturba-
tion. Using the auxiliary expression (158) we find
δ[ξ0,ξa](
√
α¯δKia)
= −1
2
H2√
α¯
(3− 2√
α¯
) ξ0δ
i
a
+
κ
2
√
α¯
[
− ϕ¯
′2
2β¯
(1 + 2Λβ) + p¯V (ϕ¯)
]
ξ0δ
i
a
+ ∂a∂
i
[ H√
α¯
ξ + α¯
3
2 (1 + Λα)ξ0
]
, (161)
δ[ξ0,ξa]δE
a
i = 2
H√
α¯
p¯ ξ0δ
i
a + p¯(δ
a
i∆ξ − ∂a∂iξ), (162)
δ[ξ0,ξa]δϕ = ϕ¯
′(1 + Λβ)ξ0, (163)
δ[ξ0,ξa]δπ =
p¯ ϕ¯′
β¯
∆ξ − p¯
2V,ϕ(ϕ)
β¯(1 + Λβ)
ξ0. (164)
From the above equations along with (160), we obtain
δ[ξ0,ξa]ψ = −
H√
α
ξ0, δ[ξ0,ξa]φ = Hξ0 + ξ0′,
δ[ξ0,ξa](B − E′) = −α¯
3
2 (1 + Λα)ξ0. (165)
It is then not difficult to show that the following combi-
nations of perturbations are gauge invariant:
Ψ ≡ ψ − H(B − E
′)
α¯2(1 + Λα)
, (166)
Φ ≡ φ+
(
B − E′
α¯
3
2 (1 + Λα)
)′
+
H(B − E′)
α¯
3
2 (1 + Λα)
, (167)
δϕ˜ ≡ δϕ+ 1 + Λβ
α¯
3
2 (1 + Λα)
ϕ¯′(B − E′). (168)
Obviously, Φ and Ψ reproduce the Bardeen potential in
the classical limit.
For vector perturbation, by simply repeating the pro-
cedure above, we find the quantity
V a ≡ Sa − F a′ (169)
is invariant under coordinate transformations.
C. Gauge invariant linear perturbations
Using the gauge invariant variables defined above, we
proceed to derive the corresponding equations of motion
of these variables. The derivations in the following are
straightforward but the calculations are quite tedious.
For brevity, at some steps we will skip the details and
directly give the results.
1. Gauge invariant scalar perturbations
First, by varying the diffeomorphism constraint with
respect to the shift vector, we find the perturbed diffeo-
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morphism constraint equation:
κ
δDk=0[N
a]
δ(δNa)
= 2p¯ δbi∂[aδK
i
b] − k¯ δia∂bδEbi + κπ¯∂aδϕ
= 0. (170)
Using the definition in (166), (167) and (168) and the
background evolution equations (146) (148), it translates
into
∂a
(
Ψ′ +
H√
α¯
Φ
)
=
κ
2
√
α¯
β¯
ϕ¯′∂aδϕ˜. (171)
Similarly, variation of the Hamiltonian constraint with
respect to the perturbed lapse function gives
1
2κ
[
− 4√α¯√p¯ k¯ δai δKia − (3α¯− 2
√
α¯)
k¯2√
p¯
δiaδE
a
i
+ α¯ (1 + Λα)
2√
p¯
∂a∂
iδEai
]
+ β¯(1 + Λβ)
π¯
p¯
3
2
δπ
− β¯(1 + 2Λβ) π¯
2
4p¯
5
2
δiaδE
a
i +
1
β(1 + Λβ)
p¯
3
2V,ϕ(ϕ¯)δϕ
+
√
p¯
2
V (ϕ¯)δiaδE
a
i = 0, (172)
of which the scalar part can reduce to the gauge invariant
version:
α¯(1 + Λα)∆Ψ− 3H
α¯
(Ψ′ +
H√
α¯
Φ)
=
κ
2
1
β¯2(1 + Λβ)
[
ϕ¯′δϕ˜′ − (1 + Λβ)ϕ¯′2Φ+ β¯p¯V,ϕ(ϕ¯)δϕ˜
]
.
(173)
Next, using (155), it is direct to show that the diagonal
parts of (149) yield the following equation,
Ψ′′ +H
[
(2 + Λα)Ψ
′ +
Φ′√
α¯
]
+
1√
α¯
[
H′ + 2H2(1 + Λα)
]
Φ
=
κ
2
√
α¯
[ ϕ¯′
β¯
δϕ˜′ − p¯V,ϕ(ϕ¯)δϕ˜
]
, (174)
and the off-diagonal part gives
(1 + Λα)Φ =
√
α¯(1 + Λα − 2Ωα)Ψ. (175)
Moreover, with the help of (152) and (156), the Klein-
Gordon equation can also be reformulated in the gauge
invariant form,
δϕ˜′′ +
[
2H− 2
(
β¯(1 + Λβ)
)′
β¯(1 + Λβ)
]
δϕ˜′
−α¯ 32 β¯(1 + Λβ)(1 + Λα)∆δϕ+ β¯p¯V,ϕϕ(ϕ¯)δϕ˜
+
[
2β¯(1 + Λβ)p¯V,ϕ(ϕ¯) +
ϕ¯′
β¯
(
β¯(1 + Λβ)
)′]
Φ
− [(1 + Λβ)ϕ¯′ + 3β¯(1 + Λβ)2ϕ¯′]Ψ′ = 0. (176)
Finally, from the Eqs. (171) (176) along with back-
ground equations of motion, after a long calculation,
we obtain the quantum-corrected Mukhanov equation of
density perturbation,
v′′ − c2s∆v −
z′′s
zs
v = 0, (177)
where
v ≡ √p¯
(
δϕ˜
β¯(1 + Λβ)
+
√
α¯
β¯
ϕ¯′
HΨ
)
, (178)
c2s ≡ α¯
3
2 β¯(1 + Λβ)(1 + Λα), (179)
zs ≡
√
p¯
√
α¯
β¯
ϕ¯′
H . (180)
Notice that not only the definition of Mukhanov variable
but also the propagation speed of density perturbation is
modified by the inverse-volume corrections.
2. Gauge invariant tensor perturbations
Since the tensor mode does not change under coordi-
nate transformations, we can directly obtain its gauge
invariant equations of motion from (149):
hia
′′
+ (2 + Λα)Hhia
′ − α¯2(1 + Λα − 2Ωα)∆hia = 0.
(181)
Equivalently, it can be written in the form of the tensor
Mukhanov equation,
h′′ − c2t∆h−
z′′t
zt
h = 0, (182)
where
h ≡
√
p¯√
2κα¯
1
4
hia, (183)
c2t ≡ α¯2(1 + Λα − 2Ωα), (184)
zt ≡
√
p¯
α¯
1
4
. (185)
Comparing it with (179), we observe that the propaga-
tion speed of tensor perturbations is different from that
of density perturbations.
3. Gauge invariant vector perturbations
For gauge invariant vector perturbations, we define
Σai ≡
1
2
(∂iV
a + ∂aVi), (186)
where the expression of V a is given in (169). Since the
perturbation of scalar field does not generate the vec-
tor modes, the gauge invariant equation can be derived
directly from (149),
Σai
′ + (2 + Λα)HΣai = 0, (187)
13
which shows that the cosmological vector mode decays
more quickly than the classical scenario provided Λα >
0. Interestingly, for scalar matter, Eq. (187) coincides
with the Eq. (39) in Ref. [23], although the latter was
obtained following a somewhat different consideration.
V. SPECTRAL INDICES WITH QUANTUM
CORRECTIONS
In this section, we aim to solve the Mukhanov equation
associated with the scalar and tensor modes; then, we
derive the inverse-volume- corrected spectral indices and
the tensor-to-scalar ratio. For simplicity, we only keep
the leading order quantum corrections in the final results.
In the weak quantum gravity regime such as the slow-
roll inflation, the inverse-volume correction functions are
often expanded as
α¯(p¯) = 1 + α0ζ(p¯),
β¯(p¯) = 1 + β0ζ(p¯), (188)
where
ζ(p¯) ≡
(
l2Pl
p¯V
2
3
0
)σ
(189)
represents the effective correction which varies with re-
spect to the scale factor. The constants α0, β0 and σ
mainly depend on specific choice of parametrization in
LQC. In some viable models, the coefficients α0 and β0
are estimated to be the order of O(10−1), and σ is a pos-
itive number lying in the range 0 < σ ≤ 3; the fraction
in (189) stands for the ratio of Planck length compared
to the quantum gravity length scale [12]. Note that in
the anomaly-free algebra these constants are subjected
to another restriction, i.e. the Eq.(105), from which we
infer
β0(2σ − 3)(σ + 3) = −9
2
α0, (190)
where in the derivation we ignore the terms proportional
to ζ2, and the same will be done in the following.
A. Scalar spectrum and spectral index
In momentum space, the Mukhanov equation (191) be-
comes
v′′k +
(
c2sk
2 − z
′′
s
zs
)
vk = 0, (191)
with
c2s = 1 +
[
(
3
2
+ σ)α0 + (1 +
σ
3
)β0
]
ζ
= 1 +
6− 2σ2
3− 2σ α0ζ, (192)
zs =
√
p¯
ϕ¯′
H
[
1 + (
α0
2
− β0)ζ
]
=
√
p¯
ϕ¯′
H
[
1 +
2σ2 + 3σ
2(2σ − 3)(σ + 3) α0ζ
]
, (193)
where in the last step of (192) and (193) we have used
Eq. (190).
From (192) we see that the propagation speed cs will be
larger than 1 when σ takes values in the range 0 < σ < 32
and
√
3 < σ ≤ 3 for α0 > 0; thus, for most permissible
values of σ, the propagation speed will become superlu-
minal, violating the law of causality. Nevertheless, one
should note that the physical speed of light is also af-
fected by the quantum gravity corrections. As discussed
in Ref. [24], the group velocity of electromagnetic wave
propagation is
vEM =
√
αEMβEM , (194)
where αEM (E
a
i ) and βEM (E
a
i ) separately represent the
inverse-volume corrections before the electric field part
and magnetic field part in the Hamiltonian constraint
and satisfy αEM → 1, βEM → 1 in the classical limit. In
the anomaly-free algebra, both αEM and βEM are related
to the correction function α(Eai ) and some counterterms
in the gravitational Hamiltonian constraint. By solving
the complex anomaly equations we can express the coun-
terterms as functions of α, αEM and βEM , which is still
a open problem yet. It is only after αEM and βEM are
expressed as unambiguous functions of α that we can
compare the physical speed of light with that of density
perturbations or gravitational waves.
The scalar power spectrum at the horizon crossing is
given by
Ps ≡ k
3
2π2
∣∣∣vk
zs
∣∣∣2
∣∣∣∣
k|η|=1
. (195)
Following the approach developed in Ref. [12] and us-
ing (192) and (193), the mode function at the horizon
crossing can be expressed as
|vk|2 = 1
2k
[
1− (6 − 2σ
2)α0ζ
(2σ + 1)(3− 2σ)
] ∣∣∣∣
k|η|=1
. (196)
Defining the slow roll parameters
ǫ ≡ 1− H
′
H2 ,
δ ≡ 1− ϕ¯
′′
Hϕ¯′ , (197)
we have
z2s =
2p¯
κ
[
ǫ−
(
σ +
3ǫ
6− 4σ
)
α0ζ
]
. (198)
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Plugging the identity (196) and (198) into (195) and then
using k = H at the horizon crossing, we get
Ps =
κ
8π2
H2
p¯ ǫ
[
1 +
(
4σ2 + 6σ − 9
(2σ + 1)(6 − 4σ) +
σ
ǫ
)
α0ζ
]
,
(199)
which yields the scalar spectral index following the stan-
dard procedure,
ns − 1 = −4ǫ+ 2δ + λsα0ζ, (200)
where
λs ≡ −12σ
4 − 28σ3 + 6σ2 + 36σ
(σ + 3)(2σ + 1)(3− 2σ) , (201)
such that for the range 0 < σ ≤ 1.02, the quantum cor-
rections will increase the scalar spectral index.
B. Tensor spectral index and tensor-to-scalar ratio
The square of speed for gravitational waves follows
from (184),
c2t = 1 + (2 − 2σ2 − σ)α0ζ. (202)
The tensor spectrum turns out
Pt ≡ 4κk
3
π2
∣∣∣hk
zt
∣∣∣2
∣∣∣∣
k|η|=1
=
2κ
π2
H2
p¯
(
1 +
(2σ − 1)(2σ + 3)
2(2σ + 1)
α0ζ
)
, (203)
which leads to
nt = −2ǫ+ λtα0ζ, (204)
where
λt ≡ σ(1 − 2σ)(2σ + 3)
(2σ + 1)
. (205)
From (199) and (203) one can find the tensor-to-scalar
ratio,
r ≡ Pt
Ps
= 16ǫ
[
1 +
(
6σ − 4σ3
(2σ + 1)(3 − 2σ) −
σ
ǫ
)
α0ζ
]
,
(206)
from which we see that, due to the small value of ǫ, the
inverse-volume corrections tend to lower the tensor-to-
scalar ratio, making it more difficult to detect.
VI. CONCLUSION AND REMARKS
In this article, the issue of anomaly freedom of pertur-
bative LQC with inverse-volume corrections is revisited.
Now we summarize the basic idea and what has been
achieved in this paper.
Despite the considerable progress made in the
anomaly-free approach so far, there remains some prob-
lems which bother the effective perturbation theory. One
of the key problems is that the counterterms in the effec-
tive perturbed constraints cannot be uniquely fixed for
inverse-volume corrections on spatially flat FRW back-
ground, which causes ambiguities in the subsequent cos-
mological perturbations and weakens the theory’s predic-
tive power. In this article, without any additional input
in the anomaly-free approach, we find that after including
the positive spatial curvature each counter term can be
uniquely expressed in terms of the inverse-volume cor-
rection functions and their expressions agree with the
results obtained in spatially flat case [17], thus, in the
large ro limit, the Hamiltonian density on the spatially
closed background successfully reduces to the Hamilto-
nian density on the spatially flat background with each
component having fixed expressions. In the latter part
of this paper, by using the anomaly-free Hamiltonian, we
derived the gauge invariant cosmological perturbations
and carried out a preliminary study of the observational
quantum effects on the spatially flat background. Before
we end this paper, several remarks are in order.
First, despite the quantization ambiguities, in the
anomaly-free algebra the study of inverse-volume cor-
rections are perhaps more reliable compared with the
study of holonomy corrections because the current study
of the holonomy-corrected perturbed constraint does not
include the contributions from the higher order spatial
derivatives of the connection which could be comparable
to the contributions from higher powers of extrinsic cur-
vature when the quantum gravity effect becomes strong,
whereas this problem does not appear for inverse-volume
corrections, thus, at present, the issue of anomaly free-
dom for inverse-volume corrections should be more seri-
ously taken than the holonomy corrections.
Second, from (192), there seems a danger caused by
the superluminal propagation speed of density perturba-
tions for most admissible values of σ. However, one must
compare it with the physical speed of light which can be
fixed by anomaly-free algebra including both the electro-
magnetic fields and the scalar field; this task needs to
be done in future research. Moreover, it is interesting
to observe that the propagation speed for density and
tensor perturbations are different for inverse-volume cor-
rections, whereas in the case of holonomy corrections, the
speeds are the same for both and always smaller than 1
with minimally coupled ordinary matter.
Finally, it is worth mentioning the following. 1) Al-
though we only focus on the slow-roll inflation in which
the quantum gravity effects are weak, the results ob-
tained in Secs. III and IV also apply to the deep quan-
tum gravity regime such as the preinflationary period
because the algebra is still closed in that regime; thus,
we can perform the research for the preinflationary quan-
tum gravity effects by using different initial conditions.
2) For simplicity, the calculations in Sec. V follow the ap-
proach developed in Ref. [12]; however, when obtaining
15
the mode functions at the horizon crossing, some approx-
imations used there can lead to non-negligible errors. A
corresponding more precise and much involved treatment
is given in Ref. [25]; using the methods there, combined
with the results in this article, we can perform a more
accurate analysis in the context of concrete models with
various scalar potentials. The detailed work is left for
future study.
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Appendix A: Calculation of the bracket (61)
{∫
C
d3x
δN√
p¯
e¯aj D¯aD¯bδE
b
j ,
∫
C
d3xδNap¯
√
oq e¯biD¯[aδK
i
b]
}
=
{∫
C
d3x
δEbj√
p¯
e¯aj D¯aD¯bδN,
∫
C
d3x
√
oqp¯ e¯biδK
i
[aD¯b]δN
a
}
=
κ
2
∫
C
d3x
√
oq
√
p¯ e¯bi e¯
c
i (D¯aδN
a)(D¯cD¯bδN)
−κ
2
∫
C
d3x
√
oq
√
p¯ e¯bi e¯
c
i(D¯cδN
a)(D¯bD¯aδN)
=κ
∫
C
d3x
√
oq
√
p¯ e¯bi e¯
c
i
[
(D¯[aδN
a)D¯c]D¯bδN
]
=κ
∫
C
d3x
√
oq
√
p¯ δNe¯bi e¯
c
i
(
D¯bD¯[cD¯a]δN
a
)
=−κ
2
∫
C
d3x
√
oq
√
p¯ δNe¯bi e¯
c
iD¯b
(
D¯aD¯cδN
a − D¯cD¯aδNa
)
=−κ
2
∫
C
d3x
√
oq
√
p¯ δNe¯bi e¯
c
iD¯b(R
(3)
ac δN
a), (A1)
where R
(3)
ac denotes the three-dimensional Ricci tensor;
on 3-sphere, it is proportional to the fiducial metric
R(3)ac =
2
r2o
oqac. (A2)
where ro denotes the radius of Σ with respect to the
fiducial metric. Plugging (A2) into (A1), we have
−κ
2
∫
C
d3x
√
oq
√
p¯ δNe¯bi e¯
c
iD¯b(R
(3)
ac δN
a)
= κ
∫
C
d3x
√
oq
√
p¯
1
r2o
δNaD¯aδN, (A3)
which is exactly the result on the right-hand side of (61).
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